In this paper I reconsider the questions of how the even-grade subalgebra of spacetime algebra can describe fermionic excitations. I start out by analyzing the content of the Pauli-ideals, i.e. the left-lorentz invariant subspaces of the even-grade subalgebra. When interpreted as rotors the general elements in that space describe massless particles with electromagnetic dipolemoments. To study the application of these ideas to the standard Dirac formalism I construct a 2 × 2-matrix representation with STA insertions for the Dirac algebra. This algebra has four ideals; two doublets of two Pauli-ideals each. This approach clarifies how the identification of Dirac γ-matrices with orthonormal basisvectors annihilates half of the ideals. For the remaining ideals the lef-and righthanded components of the spinor coincide with the even-and odd elements of STA.
Introduction
Spacetime algebra (STA) is a fruitfull mariage of the theory of Clifford algebras and the ordinary vector algebra of flat spacetime. Two pathways led the way to this construction. Dirac's attempt at making one-particle quantum mechanics compatible with special relativity drove him to the introduction of a set of matrices, γ µ , whose algebra identifies them as generators of a Clifford algebra. Their appearance in the Dirac equation closely tied them to the notion of vector-components. If Dirac's gamma-matrices were taken to transform under a spinorial representation Λ of a lorentz transformation L as 1) then contractions of these matrices with components of a spacetime vector like, for example, energy-momentum p could be interpreted as Lorentz scalars
However, the invariance of p / can also be intepreted as the invariance of a vector under passive Lorentztransformations when taking an active view of lorentz transformations. In that case the p µ retain their interpretation as components of the momentum-vector whereas the gamma-matrices are taken to be representations of orthonormal basis vectors. In that case the Dirac matrix algebra should be considered an algebraic property of spacetime itself. Hestenes constructed the notion of geometric algebras, and their spacetime version STA, and the corresponding reformulation of the Dirac equation [1] . The use of geometric algebra and left-ideals in the construction of spinors was also discussed in [2] . Remarkable points in that reformulation are the association of even-grade multi-vectors, i.e. weighed rotors, to Dirac wavefunctions and the identification of the unit-imaginary with the spin-plane bivector [3] . A multitude of applications of these ideas have since been discussed in the literature, ranging from studies on the meaning of the Dirac equation to classical electromagnetism and found their way into recent textbooks [4] . The use of these ideas in the study of gravity and of fermion fields in gravitational backgrounds has only begun recently [5] , as has the appplication of these ideas to the analysis of the relativistic dynamics of extended objects [6] .
Despite the interpretative success of this programme the standard STAapproach endows the spinorial wavefunctions of the electron with the socalled β-parameter eludes definite physical interpretation [7] . Although it has been argued that there must be some connection between STA and the structure of electroweak interactions [8] the exact relationships not yet revealed and alternative approaches based on geometric algebras in higherdimensions have been put forward [9] . Although often regarded as a postdiction, the fact that the (real) even-grade subalgebra only has two left-ideals whereas the Dirac algebra has four should be cause for concern as it does not seem to result from any specific physical requirement on the algebra. Finally it seems rather odd that an object like the Dirac spinor describing the left-handed and the right-handed electron should somehow translate into a single-particle rotor.
In this paper I will provide arguments for the claim that the Dirac equation should be taken to describe the dynamics of two excitations, i.e. encompass two rotors rather than one. This result follows from a re-analysis of the algebraic structure of left-ideals in STA and their use as wavefunctions. It turns out that the typical left-ideal in the even-grade subalgebra of STA (called a Pauli-ideal for short) describes strictly massless excitations with spin. The crucial property of these Pauli-ideals is not that they can be made part of left-ideals of the whole STA but rather that they form an invariant subspace under left-lorentz transformations. Recalling that in STA gravity can be thought to arise as a gauge theory with the Lorentz group as a local gauge group, this property of the Pauli-ideals becomes highly physically significant. When we identify the gamma matrices as two by two matrices with STA-entries a Dirac equation emerges that correctly describes two weighed rotors for massless excitations whose expectation values can combine to form results typical of massive modes. The resulting algebra contains four ideals, as expected, falling apart into two classses each containing two separate representatives of a corresponding Pauli-ideal. The resulting construction sheds new light on the geometric nature of fermionic restmass and the electroweak symmetries.
This paper is organised as follows. In section 2 we give a brief outline of the ideas presented here within the framework of 3d geometric algebra.
The purpose here is threefold; firstly to present some of the basic notions neccesary to follow the main line of the paper, secondly to show that key ingredients for this work are already present in 3d geometric algebra and thirdly to make explicit which structural failures are remedied by the transition to spacetime. In section 3 I discus the Pauli ideals in STA and their intepretations as wavefunctions for massless excitations. Finally in section 4 I construct the Dirac spinors, using the chiral representation for definiteness, and discuss their classical and quantum mechanical interpretation. Section 5 closes this paper with a summary and a brief discussion of the relevance of these results for the study of the geometric nature of electroweak interactions and the role of spin in a gravitational context.
Pauli Ideals of 3d Geometric Algebra
Given a vectorspace we define a geometric product as an associative and distributive product such that the square of a vector becomes a scalar. As a result the geometric product ab between to vectors a and b falls apart into a scalar and bivector according to
Orthonormal basis vectors e j anti-commute under the geometric product and thus satisfy e i e j + e i e j = 2η ij , (2.2) where η ij is the metric of the vectorspace involved. This last equation is typically the defining equation for a Clifford algebra and matrix algebras can usually be found that satisfy it. Although this assures the existence of geometric algebras, there is no need to assign any specific physical importance to the matrix representation itself. One possible matrix-representation for the geometric algebra in three dimensional euclidean space is the Pauli algebra. Let the unit-pseudoscalar of a geometric algebra be denoted by i. Then in 3d euclidean space we have i = e 1 e 2 e 3 , 3) and this pseudoscalar commutes with all vectors. It is then easy to check that these basis-vectors indeed satsfy the same commutation relations as the Pauli matrices.
The matrix algebra of Pauli matrices is wellknown for its applications in quantum physics, where it is usually associated with the spin-operators for a spinh 2 particle. But here we see it can also be used to represent basis-vectors in 3d. Rotations can be represented by the action of even-grade multivectors R satisfying RR = 1, whereR denotes the same multivector but with all products of vectors in reversed order. In general a multivector will transform under rotations as
Rotors are generated by bivectors. For example a rotation about an angle α in the plane e 2 e 3 is described by the rotor
Note that for α = 2π we find R 23 = −1! Rotors show spinorial behaviour which is because they transform according to a one-sided rule. As a generalisation every multivector N transforming under rotations represented by the rotor R as
is a spinor.
Pauli ideals
A left-ideal of this algebra is a set I of multivectors such that 8) is true. To find such ideals it is sufficient that they have this property with respect to the multiplication from the left by the generating vectors of some basis. A good starting point is an eigen-multivector of one of the basis vectors.
Let us choose to start with e 3 , an obvious choice for the eigen multivectors is
That satisfies e 3 E ±3 = E ±3 e 3 = ±E ±3 . (2.10) E +3 and E −3 generate different ideals. Using the unit-pseudoscalar we have
The ideals have two generators, but as all commute with i we may expand any element of the ideal in terms of coefficients which have scalar and pseudoscalar parts, i.e. behave as complex numbers. We can write 2.12) where the coefficients are scalar-pseudoscalar combinations like a + = a 1 +ia 2 . The fact that we have objects which behave like spinors raises the question whether they are in some way related to fermionic wavefunctions. If we compute bilinear forms, typical ingredients of quantum mechanical expectationvalues, we find, for example,
So upon interpretation of these ideals as spinor-wavefunctions we can associate to the coefficients a + and b + the intepretation as probabillity amplitudes for spin-up and spin-down states.
The algebra suggests that spin 1 2 fermions should come in doublets as we have two such ideals. Evidently this is the case in the flavours of the observed elementary particle spectra. The fact that the projector E +3 remains part of the expectation values is ugly and indicates that we are missing some crucial element. In the following section we will see that once we set up Pauli ideals in the geometric algebra of Spacetime this problem will be solved.
Pauli Ideals in Spacetime algebra
In STA the generators of Lorentz boosts satisfy a Pauli algebra just like the vectors in 3d GA. Together with the generators of rotations they satisfy a complexified Pauli algebra, just like vector + bivectors do in 3d, however in spacetime all the generators are of the same grade. Although the spacetime peudoscalar i anti-commutes with vectors, it commutes with all bivectors and thus allows us to go through the same steps as in 3d. Due to the fact that single-sided Lorentz transformations thus preserve the the Pauli-ideals from the even-grade subalgebra, the even-grade spinors fall apart into two Lorentz invariant classes that should be physically distinguishable. In this section we will construct these Pauli-ideals and compute the corresponding "expectation values".
Let the generators of the even-grade sub-algebra of STA be the timelike bivectors K j = e j e 0 , j = 1, 2, 3. We find that the corresponding ideals are generated by
1) 2) where i now refers to the spacetime pseudoscalar. The multiplication of any of these two with a K j , or with a spacelike bivector J k , from the left, returns one of the generators again, possibly multiplied by the pseudoscalar. As a result, the spinors
can again represent spinor-wavefunctions in the same way as before. Due to the overall even-grade of the Ψ ± we can interpret them as weighed rotors. But care should be taken here as 4) and so they are not regular rotors as we know them. Rather the sandwhiching map is non-invertible! They are rotors with only four degrees of freedom, each thus covering half of the total space of even-grade multivectors, i.e. the space of weighed rotors. The significant point here is the following: these Pauli-ideals represent subspaces of the even-grade multivectors that are invariant under left-multiplying Lorentz transformations. Their physical significance then follows from the view that physical states of elementary physical degrees of freedom should form irreducible representations of the Lorentz transformations.
Expectation values
If we write
we can compute the expectation values Note how the projectors are no longer part of the expectation values. This vector k is unique in the sense that the expectation values of e 1 and e 2 vanish and the expectation value for e 3 equals ±k depending on the sign of the ideal. It is justified to say that there is only a single vector-expectation value, as the value for e 3 is equal in magnitude and can only be parallel or anti-parallel. Rotational motion in the e 1 e 2 -plane only occurs if there is a phase-difference between the two generators of the ideal. Furthermore the two ideals differ in the orientation of this rotational motion. The total probabillity density can be identified with the time-like component of this vector, i.e.
Similarly the spin-density follows from the e 3 -component as
In total three of the four degrees of freedom go into determining the three non-trivial components of the lightlike vector k. Hence there must still be one other expectation value that is fixed by a remaining degree of freedom.
Electromagnetic dipole-moments
The bivector expectation value, which is similarly unique modulo dualisation reads
As the Ψ ± are of even-grade they commute with the unit-pseudoscalar and consequently we have
So the 6 possible values reduce to 3, but due to the fact that e 0 and e 3 generate parellel, or anti-parallel, lightlike expectation values it will not be surprising that (3.10) This leaves the expectation values for K 1 and K 2 . Explicit computation revealed that (3.11) implying there is, for each ideal, only one overall expectation value on the bivecor level. I find for the Ψ + case
and for the Ψ − case
The unique bivector-expectationvalue squares to zero and can describe an electromagnetic dipole-moment of a massless particle. The four distinct cases ,{K + , iK + , K − , iK − }, allow a choice between, or a mixture of, electricand magnetic-dipole moments along the direction of motion. If the dipolemoment is parametrised by the expectationvalue of the bivector 3.14) the expectationvalue becomes
When the magnetic dipole-moment is associated with an underlying spindegree of freedom then this spin is also parallel or anti-parallel to the direction of motion; as is familiar from massless modes wih spin.
Dirac Fermions
Now let us seek to apply the above notions to what we known about the Dirac equation, and more specifically, to the algebra of Dirac matrices. This algebra of 4 × 4 matrices has, by construction, 4 left-ideals. Standard STA only has two which is usually attributed to the fact that STA is an algebra over the real numbers only. However we know that the Dirac equation describes two physically distinct excitations: a left-handed and a right-handed fermion. We know from weak-interaction physics that these modes enter into these interactions differently. Naively I would expect we therefor need two copies the Pauli-ideals and not just one.
Because Lorentz rotors themselves are even-graded multivectors these ideals also form invariant subspaces under left-multiplication by Lorentz rotors.
As a result, if we would assign a physical significance to these left-ideals of the even-grade subalgebra of STA, the seperate ideals should be considered spinorial in nature. A construction in which the algebra of the Dirac matrices is represented an algebra of two by two matrices with STA insertions is straightforward. Short-cutting the calculation by identifying STA basis vectors with gamma matrices removes two of the four ideals. Now we first define the Dirac matrices in the chiral representation as two-by-two matrices with bivector entries, i.e.
If we want to construct matrices with only collum entries we can form a number of useful basis elements. We define the set
Note that these generators are to be considered even in terms of the Dirac matrix algebra. Similarly we have the set
3) 4) of matrices that should be considered odd in the Dirac algebra. In a second step we define the following combinations
These basis can be used to give the following parametrization of a Pauli-deal in the upper-left, or the lower right, corner of a two by two matrix
So the Ψ ± Pauli-ideals are divided over two separate collumns in this representation of the Dirac gamma matrices. Completing this pictures goes by adding the combinations
These allow us to specify 0 0
So we have constructed a Dirac algebra in the chiral representation from two by two matrices with STA entries. We find that the two Pauli-ideals Ψ ± are distributed over two different collums and thus are separate left-ideals of the Dirac algebra. However the construction associates a doublet of ideals Ψ L± and Ψ R± with each of the initial Pauli ideals. For the ideals in the first collumn the distinction between the left-and righthanded ideal is equivalent to the distinction between Dirac even and Dirac odd. For the ideal in the second collumn it is just the other way around. As all ideals have 4 degrees of freedom a single collumn has 8, being equivalent to the degrees of freedom of a Dirac fermion.
The Dirac Equation
As a result of the above a Dirac spinor can be represented by
The vector-derivative in the Dirac equation then reads (4.10) Note that this can be rewritten using the ordinary vectorderivative ∇ as
clearly revealing the chiral nature of the construction. There is some preliminary evidence that supports the view that this chiral split has its roots in the transition from a eigen-rotor description of the dynamics of particles to a rotor-field description [10] .
Summary
The Pauli-ideals of the even-grade subalgebra of spacetime algebra are subsets that are invariant under left-lorentztransformations. Consequently, if they are considered to be physically relevant for the description of the physical states of fermionic degrees of freedom, the reducibillity should also be of physical relevance. In the construction used here the ideals can also be considered the right-multiplication eigen-bivectors of K 3 as they satisfy Ψ ± K 3 = ±Ψ ± . This behaviour is in accordance with the findings in [8] , although the interpretation of the results is not identical.
Straightforward computation shows that when we consider these Pauliideals as rotors they produce a very restricted set of expectation values. There exists one vector-expectationvalue k ± and one bivector-expectation value K ± . Specifying the state of motion of a massive classical particle requires three degrees of freedom in the eigen-rotor as the proper velocity is a timelike unitvector. If the particle in addition carries a spinvector then two more degrees of freedom are required, assuming the spin is purely spacelike in the particle's restframe. As a result the Pauli-ideals, having only four degrees of freedom, do not describe massive modes with spin. If the particle is massless, there is no restframe and there is no proper-time. Any multiple of a lightlike vector is again lightlike and as such the constraint k 2 ± = 0 only fixes three components modulo an overall scaling. The scale factor is fixed by the interpretation of k ± · e 0 as a normalizable probabillity-density. It is the overall phase that remains undetermined from k ± but that is fixed by K ± . As the STA-Pauli ideals are limited to describing lightlike particles we can attempt to describe massive excitations by using both ideals at the same time; i.e. consider massive particle wavefunctions to be doublets of STA-Pauli ideals. This approach deviates from the usual one, presented for example in [7] , in that it does not leave the essential two-particle nature of the Dirac fermion in the dark.
It is possible to extend these ideas to the Dirac algebra of gamma matrices. Instead of working with four by four matrices it is sufficient to work with two by two matrices with STA-insertions. Using the chiral representation the Pauli matrices are merely replaced by the corresponding elements from STA. This representation of the Dirac algebra also has four left-ideals, as does the 4 × 4-matrix representation. The Pauli ideals are now retrieved in the form of two doublets of ideals. Their form ensures that Lorentz transformations do not mix elements from different ideals in the Dirac algebra despite the mixing between left-and righthanded components. If we would have associated the Dirac gamma matrices γ µ directly with the basis vectors of an orthonormal basis e µ the generators T ± µ vanishes identically. This ommits the entire doublet of second Pauli ideals {Ψ L− , Ψ R− } from the algebra. In the remaining ideals {Ψ L+ , Ψ R+ } the left-and righthanded parts are identified with the even and odd parts of Spacetime algebra. This too is as found in [8] , although again the interpretation of the results is not identical.
